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TABLE I. Summary of masses and coupling constants for the 
mesons used in various proton-proton models. All the models in
clude the one-pion contribution with g^N2/^ —14.4 and m* —135.1 
MeV, except BDR and Scotti-Wong who use wx = 140 MeV. For 
abbreviations, see text. 

Model 

BDR 

SUWY 

Scotti-Wong 

ALV 2 
ALV 2+co 

ALV 3+co 

SI 
S2 

Meson 

Vector 
Scalar 
Vector 
Scalar 
P 
CO 

Scalar 
V 
<P 
P 
P 
CO 

P 
CO 

Scalar 
Scalar 
Scalar 

gs2/^ 

13.8 

2.4 

1.525 
12.12 

5.16 
4.72 
3.22 

gv2/^ 

30. 

1.2 

1.27 
2.77 

2.26 
0.84 
0.84 

13.6 
0.84 

16.9 

gT2/47T 

0. 

13.2 

11.39 
0. 

0. 
11.6 
11.6 
0. 

11.6 
0. 

Mass 
(MeV) 

760 
560 
540 
405 
591 
780 
437 
550 

1020 
750 
750 
780 
750 
780 
400 
400 
400 

data can be obtained from TT, scalar, p and w exchange 
only if the u2ir basic" is neglected. If this is not done, 

then the only alternative to adding more mesons (ad
justable parameters) is a more accurate treatment of 
the NN —>2ws and p waves. 

The calculations reported here were carried out at the 
Computation Center of The Pennsylvania State Uni
versity. 

APPENDIX 

The coupling constants listed in Table I were defined 
in terms of the interactions2: 

Scalar= g8H
/(P, 

Vector = gv^iy^<Pti+ (gr/4w)^<rMl^MI,, 

where: 

<rltv= l/2i(7„7p—TFYH) , 

<Pnv=dli<pt,— dpipn, 

m=mass of proton. 

Then ^ 2 /47r-14.4 . 
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Prediction of a wi Resonance 
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Using the bootstrap approximation of Zachariasen and Zemach, we predict a relatively broad 1~~ 
resonance at about 1 BeV in a two-channel {ivr),irp) calculation. Such a resonance can only belong to the 
isocuplet representation of SU(3). Tentatively an identification can be made on this basis with the B 
meson, and a recently observed peaking in the irp channel at about 1250 MeV. 

1. INTRODUCTION 

TH E pseudoscalar mesons—irKKr]—are now con
sidered to belong to the octet representation of 

SU(3). A scattering state of Jtwo pseudoscalar mesons 
can be any of the 1, 8, 8', 10, 10, or 27 dimension repre
sentations. For ^>-wave_scattering, Bose statistics allow 
only the 8', 10, and 10 states. I t is observed that the 
well-known p-wave resonances—pi£*J£*co8—can be 
classified according to the 8' representation. Naturally it 
is of interest to investigate whether the 10 and 10 ^-wave 
states do not also resonate. In this connection Neville1 

has noticed that within the framework of a single-
channel bootstrap calculation where all pseudoscalar 
and vector-meson masses are taken, respectively, equal, 
the tenfold resonant states should exist at the same 
mass as the observed octet state. We investigate this 

situation in somewhat more detail by looking at TTJ 
scattering. The irr] state with odd parity cannot belong 
to 1, 8, 8', or 27, but as we shall see must belong to the 
icosuplet state__which consists of the 10 and its anti-
particle state 10. Since this state is part of the multiplet, 
any general conclusion drawn about it should be valid 
for the entire multiplet. However, since in this note we 
do not look at all the decuplet channels, the calculation 
is to a large extent independent of SU(3). 

We use the bootstrap technique to study the 1=1, 
7 = 1 , 1=1, G= — l amplitude. This method has the 
following history: Recently, Zachariasen2 noticed that 
the appearance of the p resonance in TTT scattering could 
be qualitatively explained if it were assumed that the 
dominant force in this scattering comes from the ex
change of a p. By taking the additional channel TTT —» 7rco 

lD. E. Neville, Phys. Rev. 132, 844 (1963). 
2 F . Zachariasen, Phys. Rev. Letters 1, 112 (1961); 1, 268 (E) 

(1961). 
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into account Zachariasen and Zemach3 were able to 
obtain a fairly good semiquantitative understanding of 
the p meson. Similarly, Capps4 was able to explain the 
K* meson by using the bootstrap approach. He looked 
at the coupled irK—rjK system. The success of these 
calculations makes it appear reasonable that a similar 
approach should be valid for the scattering of any two 
pseudoscalar mesons. 

First a one-channel calculation is made. This is 
equivalent to considering just the ir and 77 particles. We 
should emphasize that the transition TTTJ —> KK is for
bidden in the odd-parity, 1=1 state because of G-con-
jugation invariance. Hence, this one-channel calculation 
is essentially equivalent to the full SU(3) calculation 
of the decuplet resonant p state where we neglect other 
channels involving the vector octet. A self-consistent 
theory can be constructed if a resonance, designated by 
V, exists and provides the main contribution to the 
force. We note that the exchange of a p, co, or <j> is not 
allowed in irrj scattering. The equations are sufficient to 
determine the mass of V and the irrjV coupling constant. 
The results are dependent on a subtraction point. A very 
broad resonance is found at about 1.1 BeV. 

Next, a two-channel calculation is made, the possi
bility 7rr] —> 7rp being taken into account. A self-consis
tent solution with V is found and in addition to the mass 
of V the wrjV and wpV coupling constants are obtained 
from the consistency equations. V turns out to be a 
broad resonance (widthc^l25 MeV) at about 950 MeV. 
The results are less dependent on the choice of a sub
traction point than in the one-channel case. The above 
solution is obtained by considering all forces to arise from 
exchange of a V. In the irp —» irp scattering, however, the 
forces from w and w exchange are also expected to con
tribute. We estimate using conventional values for the 
P7T7T and p7ra) coupling constants that these forces do not 
greatly change the solution. In this connection, we have 
neglected the channel irrj —» KK*, This may modify the 
position of the resonance. 

2. THE SELF-CONSISTENCY EQUATIONS 

The theory of the bootstrap equations is given in the 
paper of Zachariasen and Zemach.3 We review this 
briefly from the standpoint of establishing our notation 
and emphasizing those points which are relevant to 
our case. 

We wish to construct the low-energy 7 = 1 scattering 
amplitudes for the following processes: 

irrj —> irrj, 

wrj <-> 7rp, 

irp —»7rp. 

In order to keep the calculation within manageable 
bounds, the higher mass channels with the same 

3F. Zachariasen and C. Zemach, Phys. Rev. 128, 849 (1962). 
4R. H. Capps, Phys. Rev. 131, 1307 (1963). 

quantum numbers—K*K, KK*, t\V—are neglected. 
The KK and ira> channels have the wjong G parity to 
communicate with irrf. The 71-77, irp, K*K, and rjV thresh
old energies are 690, 900, 1380, and 1500 MeV, respec
tively, so that neglecting the last two does not seem 
unreasonable. 

The amplitudes form a 2X2 matrix 77», where the irrj 
channel is designated channel 1 and the irp channel is 
designated channel 2. T/i is required to satisfy in ap
proximation the following four conditions: 

(i) Elastic unitarity: 

qidfiO(x—Xi) 
ImTfcK*)-————, (1) 

2 ( 4 T T ) V / 2 

where x=s/(mv-\-mv)
2, Xi= threshold for channel i 

( # i = l , #2—1.70), #;=center-of-mass momentum for 
channel i. 

(ii) Analyticity: This will be satisfied in the sense that 
of all the singularities5 of T/i in the complex x plane, 
only those due to unitarity and the exchange of single 
particles will be considered. The V resonance will be 
considered to produce a pole on an unphysical sheet. An 
analytic solution which also satisfies (i) can be obtained 
by using the matrix N/D method. After defining 
t/i=qfqiTfi in order to eliminate threshold kinematic 
singularities, we write / /*=]£# NfKDKi~l. With the 
assumption above, the first iteration yields: 

NjiW^qjqiTjfix), (2a) 

x—Xo r00 dx' qi{xf) 

T JXJ. 2(4TT)2 (a7)1 '2 

X , (2b) 
(x'—Xo)(xf—x—ie) 

where #0= subtraction point and TjiB(x) is the Born-
approximation amplitude calculated from the one-
particle-exchange diagram for the relevant scattering 
process. 

The disadvantage of this method of solution, as has 
been noted by many authors, is that it doesn't guarantee 
Tij= Tji required by time-reversal invariance. 

(iii) Crossing symmetry: This will be satisfied very 
crudely by choosing x0 appropriately. When x=Xo, 
Tji(x0) = TjiB(xo). Thus x0 should be chosen in a region 
where the contribution of the one-particle-exchange 
diagram to the singularities in T is dominant. Figure 1 
shows the branch cuts resulting from the exchange of a 
V with mass squared=R. The exchange of higher mass 
systems can be described by the same figure with larger 
R. These systems therefore are expected to make domi
nant contributions further to the left. I t is clear that a 
believable solution should have the property that it not 
change much upon varying the subtraction point in the 

5 J. Kennedy and T. D. Spearman, Phys. Rev. 126,1596 (1962). 
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region slightly to the left of the origin. We shall see that 
the solution obtained from a single-channel claculation 
is much more ambiguous than the one obtained in the 
two-channel case. This point has been emphasized by 
Diu, Gervais, and Rubenstein.6 

(iv) The resonance V must appear in all scattering 
processes; near x=R Uj must have the form 

/»y=0ti/[(tf-2O+^1 /2r] > (3) 

where T = full width of resonance and a^ may be calcu
lated from the graphs of Fig. 2. 

Only two of the four equations given in (3) are inde
pendent. These and the condition that the real part of 
the denominator of U$ as computed from Eq. (2) vanishes 
comprise the self-consistency equations. A solution of 
them determines R and two coupling constants provided 
suitable other information is known. Explicitly then, 
we require 

ReACR) = Re[detD(20]=0, (4) 

an=(Nu(R) ReD22(R)-N12(R) ReD21(R))/AR', (5a) 

a22= (N22(R) ReDnCR)-N21(R) ReD12(R))/AR', (5b) 

where 

Ldx 
ReA(x) 

x^R 

In writing Eqs. (5) the assumption ImZ\7<<CReZ),-y is 
made. From Eqs. (2) and (3) we obtain an expresssion 
for the width of V: 

r = (l/32TiR)l(ai1/q1)e(R-Xi) + (aii/qi)e(R-x^ (6) 

The first term in Eq. (6) is the partial width for 
V—^WTI while the second term is the partial width for 
V —»7rp. If r turns out unreasonably large, the assump
tion that tij has a resonance at x=R is not a good one. 

3. CALCULATION OF GRAPHS 

In this section we give the 7 = 1 , 7=1 contributions 
of the necessary resonance and one-particle-exchange 

X PLANE 

itiiiituutitintn 
t 

*CM*-Mr)-fc -fcC*l-Mr)X 

FIG. 1. Born-approximation branch cuts. 

6 B. Diu, J. L. Gervais, and H. R. Rubenstein, Nuovo Cimento 
31, 341 (1964). 

graphs. The following equivalent interaction Lagrangian 
density is used: 

Li=2ypinrQjlX'n' dpi*-
TpTT 

-eafiybdall' dpQya)8 

+ 2yTC1jVVli'('xditf—dii'K7i) 

y-Kpv 
_| €a/J7ada«Xd/307*V8. (7) 

Mr 

The diagonal elements of a in Eq. (3) are 

an=G,*qiKR), 
a22=Gp*Rq2*(R), 

where 

G, 7ir ,F, 

y*Pv/MT, 
(8) 

qi\x) = [ ( * - l ) /4x] [x- (Mn-M,)*2, 

qf(x) = (1/4*)|>- (M,+M,Y]{x~ (M,-Mw)*], 

Mi=mi/(mr+mn). 

The Born approximation for 71-17 —* irq is obtained 
from the graph with V exchange: 

Nn r 5+I-1 
pu= = f £ | 2-B In I v̂n r 

7 1 1 = - _ = | £ 2 

G.* L (9) 
5 - l J ' 

£=(l/4?i2)[2(ilf,2+M.2) 

-2R-x+(l/x)(M,-MTyi, 

E=i[R+2x-2(MS+MS)-(l/R)(Mn-M„n. 

p exchange does not contribute to 71-17 scattering because 
of G-parity conservation, while w and <j> exchange do not 
contribute because of isotopic-spin conservation. 

Similarly a single V exchange contributes to the Born 
approximation for irrj *-* irp. 

Fv=NuJGfi,=Nn/Gfi, 

r c+li 
= -f<7i<72*1/2| 2C+(1-C2) I n — J , 

xXMp+M*)* 

= - f? i |?2 |* 1 / 2 C2|C| -2( l+ |C | 2 )arc tan( l / |C | ) ] , 

l<x<(.M„+Mr)*, 

1 
C= {2[(<?1«+Jf„*)(?1*+Jf,*)]1« 

2?1<?2 
+R-(MS+M*)}. (10) 
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FIG. 2. Resonance graphs. 

The contribution from V exchange to irp scattering is 

F22
v-

N2>. 

GP2 32 
-q* 

r D+l i 
UAo-GD) In +2G~fg2

2J , 

where 

D=-

(11) 

1 1 
%+2R-2{M*+M/) — ( i f p - M . ) 2 ] , 

x J 4g2
2L 

G = ^ i - ^ 2 £ > - g 2
2 £ > 2 , 

^0=g22+A/'T2, 

A1=2x-3q2*-2(Mp
2+Mir

2), 

^ 2 =3g 2
2 +2i f p

2 +i[ f x
2 . 

With N22
v, Eq. (2b) for D22 diverges. Since the diver

gence is only logarithmic, the choice of a physically-
reasonable cutoff is not too critical. We use a cutoff of 
about 5 nucleon masses. 

Taking3 7p)rft>
2/47r=0.15, we find for the co-exchange 

force in wp scattering 

r D+1 i 
^22w = 75?2

2 (Ao-GD) In + 2 G - f ? 2
2 , (12) 

L D-l J 
where D, G, A0, Ah and A2 are the same as in Eq. 
(11) except that R is to be replaced by MJ. 

With3 Yp7r7r2/47r=0.5 the 7r-exchange Born term is 

Ni ' = -158g2
2 ( 1 - Z V ) In +2Dr , (13) 
L Dr-1 J 

where 

Dw= {\/^)[_2M>--x+(l/x){Mp-M«y-]. 

4. THE ONE-CHANNEL EQUATIONS 

For orientation purposes it is useful to look at the 
single-channel case. Here the two self-consistency equa
tions can be approximated by an equation which clearly 
shows the physical interpretation and the defects in
volved. From Eq. (2b) we may write 

where 
R e D u = 1 - l(x-x0)/32wz']HllG1)

2, 

Fu(x
f) dxf 

Hu=p[ — 
A (x' 

The consistency equation (4) becomes in this case: 

Gv*= [ - 3 2 7 r 3 / ( i ? - X o ) ] [ l M i W ] . (14) 

Using Eq. (8), consistency equation (5a) goes to: 

G2= 
Fn(R) 32x3 

qi*(R) HnW+iR-xdHn'iR) 

Fn(R) 32x3 

where 
qi*(R) H11(R) 

Hn'(R) = l(d/dx)Hn(x)-],=B. 

, (15) 

Numerically we observe that (R—Xo)Hii(R)/Hu(R) 
< 0.1 in our case. Equations (14) and (15) have a simul
taneous solution at that value of R for which 

Fn(R)/qi\R)=-l/(R-Xo). (16) 

This is a simple relation and does not involve the 
evaluation of integrals. (However, this task cannot be 
escaped if Gv

2 is to be found.) Indeed in the energy 
region just above threshold the behavior of Fu(R) is as 
fqi*(R), where / i s a number measuring the strength and 
sign of the "Born force." With our conventions Fn must 
be negative for a possible resonance and hence for an 
attractive force. The necessary magnitude of Fn is made 
somewhat ambiguous by the fact that the value of the 
subtraction point x0 is not uniquely fixed. The one-
channel, single-exchange-diagram input bootstrap may 
therefore be best thought of as providing a rough guide 
to the question of the existence of a resonance. Equation 
(6) for the width is here 

r = G,V(i?)/327r2.ft. (17) 

(x'-x0)(x'-x-ie) qiix'Xx*)1'2 

Using xo=— 0.5, a solution is obtained at R=2.5 
(1.1 BeV) and gives T~320 MeV. Using x 0 = - 1 . 0 we 
obtain a solution at about 1.3 BeV with T~690 MeV. 
The indication is that the force supplied by V exchange 
is barely sufficient to sustain a rather broad resonance. 
Therefore it is necessary to investigate the effects of 
other forces. 

5. THE TWO-CHANNEL EQUATIONS 

Since no other single-particle exchange forces con
tribute to T7] scattering we expect the inclusion of the 
possibility 71-77 <->7rp to take account of the next most 
important forces. The simplest way to do this is to treat 
the p as a metastable particle and to use the two-channel 
formulation. Since the p decays so quickly, there is some 
doubt about doing this, but in any case we hope that 
the 7rp state so described will at least approximate the 
behavior of a / = 1, / = 1 3T state. 

First we calculated this two-channel case taking only 
V exchange into account in the irp —> irp process. The 
three consistency equations are Eqs. (4), (5a), and (5b). 
The Nij are obtained from Eqs. (9), (10), and (11), the 
necessary a»y are given in Eq. (8), and the ReZ)# are 
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found by performing principal value integrations in 
Eq. (2b). We solved Eqs. (4), (5a), and (5b) simul
taneously for Y ^ F 2 and yvpv

2 as defined in Eq. (7) and 
for R. The method used was to obtain for each value of 
R three curves for y%pv2 as a function of yvrtv

2 and to 
look for a point of intersection. Since a priori there is no 
reason to expect a solution to exist, the fact that one 
which is relatively stable with respect to varying the 
subtraction point is obtained is encouraging. Table I 

TABLE I. Results of 2-channel calculation 
for several subtraction points. 

Xo 

72irvV/i7r 

72wpV/iT 

mass of V in 
T in MeV 
ratio: irp/in] 

MeV 

- 1 . 0 

0.95 
0.72 

930 
91 
0.37 

- 0 . 5 

1.3 
0.61 

940 
126 

0.31 

0 

2.1 
0.37 

970 
203 

0.20 

summarizes the results for three reasonable subtraction 
points. In addition the width of V and the ratio of irp 
to wr) partial widths as calculated from Eq. (6) is listed 
for each point. Comparing with the results of the one-
channel case we see that there is less sensitivity here to 
changes in x0. 

Next we estimate the effects of w and co exchange in 
the irp—* irp process. The effect of <j> exchange should 
be small compared to the effect of co exchange because 
the decay $ —>p+7r is relatively weak. Equation (13) 
gives the Born term for 7r-exchange scattering. 
Numerically, 

Z^~[ l /4? 2
2 (* ) ] [2 .4+ (1.37/a?) - x ] . 

We note that for #~2 .5 , A r = l and for larger x 
becomes smaller, eventually going negative. Thus 
ln(D7r+L)/(Z)7r—1) diverges at xc^.2.3 and is a complex 
quantity in a region just above 2.5. This is because the 
exchanged pion is physical rather than virtual. This may 
contribute to irp•—» 37r instead of irp—^irp. In any event 
the resonance we found was at xc^2.0, somewhat below 
the dangerous region. Actually, in the region where the 
resonance appears, the contributions from co and TT ex
change tend to cancel, the co exchange being repulsive 
while the -K exchange is attractive. There is thus some 
justification for neglecting the -K and co exchanges, This 
justification will be better if the over-all solution is not 
too dependent on perturbations in the irp channel. To 
test this we calculated the two-channel case taking V 
and co exchange into account and found very little 
change in the solution. We found for x0= — J : i£ = 940 
MeV, T W / 4 » = 1 . 3 , 7 2 ITPF/4 ,=0.7 , r ~ 1 3 0 MeV, and 

7rp/7r?7 = 0.35. I t then seems that relatively large changes 
in the irp channel produce small changes in the calcu
lated parameters of V. 

We therefore consider that our calculation has made 
plausible the existence of a 1 resonance at about 1 

BeV in the 71-77, irp scattering channels. I t is in the spirit 
of previous bootstrap calculations to regard the results 
as semiquantitative rather than quantitative. 

6. CONNECTION WITH SU(3) INVARIANCE 

We assume that the state V belongs to some irreduci
ble representation of SU(3).7 Since V is composed of TT 
and rj in a relative p state the SU(3) "wave function" 
describing V must be antisymmetric on interchange of 
T and 77. Of the product representations which can be 
formed from two octets only 8', 10, and 10 are anti
symmetric. I t is seen by explicit calculation that the 
wrj state does not occur in 8'. Thus V must belong to 
10, 10 or their linear combination. However, because V 
has definite G parity the antiparticle of, for example, 
V+ must_be V~. On the other hand, the antiparticles of 
10 lie in 10. Therefore V cannot belong to either 10 or 10 
but must correspond to the combination8 

F=(1 /VZ) (* -GW, (18a) 

where \p is the 1=1, F = 0 state of 10, and G is the G 
conjugation operator. 

We can also form the linear combination with positive 
G paritv: 

*7=( l /v2W+GyO. (18b) 

There is a particle mixing between U and V analogous 
to the Ki°, K20 situation in the weak interactions. 
Specifically U and V have different decay modes and 
slightly different masses. According to SU(3) symmetry 
the other members of the tenfold system should exist if 
U snd V are found. These correspond to the states 

J=0, I=h /=t, 
S = ± 2 , 5 = ± 1 , 5 = ± 1 . 

I t is tempting to associate V with the recently ob
served9 peaking in irp scattering at about 1250 MeV. 
Similarly, U may be associated with the B and possibly 
also the10 / 0 resonance at about 1220 MeV. This identifi
cation agrees with the 1~~ assignment of B by some 
authors.11 

The consequences of this situation are discussed in 
more detail separately.8 
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